Abstract-It is known that there exists a multiple-unicast network which has a rate 1 linear network coding solution if and only if the characteristic of the finite field belongs to a given finite or co-finite set of primes. In this paper, we present a generalization of this result for a linear network coding solution of any rate. Specifically, we show that for any non-zero positive rational number k n , there exists a multiple-unicast network which has a rate k n fractional linear network coding solution if and only if the characteristic of the finite field belongs to a given finite or co-finite set of primes.
I. INTRODUCTION
The concept of network coding came to light in the year 2000 by the seminal work of Ahlswede et al.. In [1] the authors showed that the min-cut bound in a multicast network can be achieved if the intermediate nodes are allowed to do operations on incoming messages before forwarding. This kind of operation at the intermediate nodes has been termed as network coding. Linear network coding refers to the scheme where all such operations are linear. It has been shown that linear network coding is sufficient to achieve the capacity of multicast networks [2] - [4] . Moreover, a capacity achieving network code can be designed efficiently [3] . As far as a multicast network is concerned, a scalar linear network code over a sufficiently large finite field suffices to achieve the capacity. However, the requirement of the field size can be reduced if vector linear network coding is used [5] . In [6] , it was shown that binary field is sufficient if the vector dimension is large enough. These results related to multicast networks were known by the year 2005. After a decade later, there has been a few interesting works related to intricacies involved in linear network coding for multicast networks. In one such result, it has been shown that a multicast network being linearly solvable over a sufficiently large finite field does not necessarily mean that over all larger fields it is also solvable [7] . It was also shown that existence of a vector linear network coding solution for a certain vector dimension does not necessarily mean that there exists a vector linear network coding solution for all larger vector dimensions [8] .
It is important to note that for a multicast network, the characteristic of the finite field does not play an important role in the sense that there does not exist a multicast network which has a scalar/vector linear network coding solution only over a finite field of a certain characteristic.
The non-multicast networks have very different properties. For non-multicast networks it has been shown that there exists a network where better throughput (capacity) can be achieved if the nodes are allowed to do non-linear operations [9] . There are non-multicast networks where scalar/vector linear network coding solution not only depends on the size of the field but also on the characteristic of the field [10] - [12] . In particular, it has been shown in [10] that for any system of polynomial equations over integers, there exists a network which has a scalar linear network solution over a finite field if and only if the system of polynomial equation has a common root in the same finite field. Therefore, there exist networks which are solvable only over finite fields of certain characteristics. Interesting examples are the Fano and non-Fano networks presented in [9] , [13] . The Fano network has a vector linear network coding solution for any vector dimension if and only if the characteristic of the finite field is even. Over a finite field of odd characteristic it has linear coding capacity equal to 4 5 . The non-Fano network has a vector linear network coding solution for any vector dimension if and only if the characteristic of the finite field is odd. If the characteristic is even then its linear coding capacity is equal to 10 11 . In the references [11] and [12] the authors considered networks where all terminals demand the sum of the symbols generated at the sources. Such networks have been given the name sum-networks. In [11] it was shown that for any finite set of primes there exists a sum-network which has a vector linear network coding solution for any vector dimension if and only if the characteristic of the finite field belongs to the given set. In [12] it was shown that for any sum-network, there exists a solvable equivalent multiple-unicast network. They also show that for any co-finite set of primes there exists a sum-network which has a vector linear network coding solution for any vector dimension if and only if the characteristic of the finite field belong to the given set [12] . Thus, these three results when combined, shows that for any given finite/co-finite set of primes there exists a multipleunicast network which has a vector linear network coding solution if and only if the characteristic of the finite field belong to the given set.
However, in the works of [10] - [12] , the dependency on the characteristic of the field is shown only either for scalar linear network coding [10] or for vector linear network coding [11] , [12] . In this paper, we generalise the previous results to show that for any non-zero positive rational number The organization of the paper is as follows. In Section II we reproduce the standard definitions of fractional linear network coding, vector linear network coding and scalar linear network coding. In Section III we show that for any non-zero positive rational number k n , and for any finite/cofinite set of primes, there exists a network which has a rate k n fractional linear network coding solution if and only if the characteristic of the finite field belongs to the given set. In Section IV we extend the results of Section II to multipleunicast networks. The paper is concluded in Section V.
The proofs of the Theorems and Lemmas in this paper are omitted due to limitations on space. These proofs can be found in reference [16] , which is the full length version of this paper.
II. PRELIMINARIES
A network is represented by a graph G(V, E). The set V is partitioned into three disjoint sets namely, the set of sources S, the set of terminals T , and the rest of the nodes are called the intermediate nodes. The collection of the intermediate nodes is denoted by V . Without loss of generality the sources are assumed to have no incoming edge and the terminals are assumed to have no outgoing edge. Each source generates an i.i.d random process uniformly distributed over an alphabet A. The source process at any source is independent of all source processes generated at other sources. Each terminal demands to compute the information generated at a subset of the sources. An edge e originating from node u and ending at node v is denoted by (u, v); where u is denoted by tail(e), and v is denoted by head(e). For a node v ∈ V , the set of edges e for which head(e) = v is denoted by In(v). The information carried by an edge e is denoted by Y e . Without loss of generality it is assumed that all the edges in the network are unit capacity edges.
In a (k, n) fractional linear network code the alphabet A is taken as a finite field F q . Each source s i ∈ S generates a symbol X i from the finite field
and Y e ∈ F n q for ∀e ∈ In(t). The matrices A {si,e} , A {e ,e} and A {e ,t} shown above are called as the local coding matrices.
If using a (k, n) fractional linear network code all terminals can compute k respective symbols in n uses of the network, then the network is said to have a (k, n) fractional linear network coding solution. The ratio In this section, we first consider the network N 1 presented in Fig. 1 . This network has both the generalized Fano network shown in [15] and the Fano network shown in [9] as a subnetwork. As it can be seen, the network has q + 1 sets of sources namely, S a , S bi for 1 ≤ i ≤ (q − 1) and S c . In the figure, the individual source nodes are indicated by the source message it generates. For 1 ≤ i ≤ n, a source s i ∈ S a generates the message a i . For 1 ≤ i ≤ (q−1) and 1 ≤ j ≤ n, a source s j ∈ S bi generates the message b ij . And a source s i ∈ S c generates the message c i for 1 ≤ i ≤ n. There are 2q sets of terminals namely, T c , T a , T bi for 1 ≤ i ≤ (q − 1), and T ci for 1 ≤ i ≤ (q − 1); where each of these sets contains n terminals. Each individual terminal is indicated by the source message it demands. Below we list the set of edges which has a source node as its tail.
, and 1 ≤ j ≤ n. We now list the edges which originates at an intermediate node and ends at a intermediate node.
, 11, 13. 10) (u 3 , u 6 ), (u 7 , u 11 ), and (u 8 , u 13 
For any terminal t i ∈ T c , there exists an edge (u 12 , t i ), and t i demands the message c i . For any terminal t j ∈ T bi for 1 ≤ i ≤ (q −1), 1 ≤ j ≤ n, there exits an edge (v i , t j ) where the terminal t j demands the message b ij . For any terminal t i ∈ T a there exits an edge (u 14 , t i ) and t i demands the message a i . For 1 ≤ i ≤ (q − 1), a terminal t j ∈ T ci for 1 ≤ j ≤ n is connected from the node w i by the edge (w i , t j ), and t j demands the message c j . Fig. 1 As mentioned earlier, we have omitted the proofs due to limitations of space. However, we here present a (1, n) fractional linear network coding solution of the network N 1 assuming that the characteristic of the finite field divides q. We use the following fact. An element in a finite field is equal to zero if and only if the characteristics of the finite field divides the element. So, since the characteristic divides q, q = 0. For this section, letā i denote an n-length column vector whose i th component is a i and all other component is zero. Letc i to denote an n-length vector whose i th component is c i and all other component is zero. Also letb ij denotes an n-length vector which has zero in all of its components but the j th one, which is equal to b ij . Note that a i , c i for 1 ≤ i ≤ n and b ij for 1 ≤ i ≤ (q − 1), 1 ≤ j ≤ n are the source processes. Now, it can be seen that by choosing the appropriate local coding matrices, the messages shown below can be transmitted by the corresponding edges. The outline of the contents in this section is similar to that of the last sub-section. Consider the network N 2 shown in Fig. 2 . The sources are partitioned into q +1 sets: S a and S bi for 1 ≤ i ≤ q. Each of these sets has n sources. In Fig. 2 
Lemma 1. The network in
The set of terminals are partitioned into q + 2 disjoint sets namely, T a1 , T a2 and T bi for 1 ≤ i ≤ q. The sets T a1 and T a2 has n terminals in each. Each individual terminal is indicated by the source message it demands. We have the following edges in the network.
1) e a , e b , e a and e b 2) e i and e i for 1
From each of the nodes head(e a ), head(e i ) for 1 ≤ i ≤ q and head(e b ) , n outgoing edge emanates and the head node of all such edges is a terminal. The set of n terminals which have a path from the node head(e a ) are denoted by T a1 . Similarly, the set of n terminals which have a path from the node head(e b ) are denoted by T a2 . And the n terminals in the set T bi for 1 ≤ i ≤ q are connected from the node head(e i ) by an edge. The complete proof of this lemma can be found in [16] . We here show that N 2 has a (1, n) fractional linear network coding solution if the characteristics of the finite field does not divide q. We use the following fact: if the characteristic does not divides q, then q = 0, and hence q has an inverse. Let an n-length vector whose i th component is a i and all other components are zero be denoted byā i . Also let nlength vector whose j th component is b ij and all other components are zero be denoted by the notationb ij . Note that a j and b ij for 1 ≤ i ≤ q, 1 ≤ j ≤ n are the source processes. Then, it can be seen that for proper local coding matrices the following information can be transmitted by the corresponding edges. In a multiple-unicast network, by definition, each source process is generated at only one source node and is demanded by only one terminal. Additionally, each source node generates only one source process, and each terminal demands only one source process. In both the networks N 1 and N 2 neither there exists a source processes which is generated by more than one source node, nor there exists a source node which generates more than one source process. Moreover, there does not exist any terminal which demands more than one source process. However, there exists more than one terminal which demands the same source process. This is fixed in the following way.
In [14] it was shown that for any network, there exists a solvably equivalent multiple-unicast network. To resolve the case of more than one terminals demanding the same source message, the authors considered two such terminals at a time, and added a gadget to the two terminals. The same procedure is followed here, only the gadget has been modified. This modified gadget is shown in Fig. 3 . The naming convention of the gadget has been kept the same as it was in [14] . It is assumed that the nodes n 1 and n 2 both demanded the same message b in the original network (network before attaching the gadget). After adding the gadget, the modified network has n more source nodes Fig. 3 . Gadget which attaches to two terminals n 1 and n 2 , demanding the same message b, in an arbitrary network indicated by the dotted lines. In the gadget, the nodes x 1 , s 1 , . . . , s n−1 are sources, and, x 1 generates the message z, s i generates the messages y i for 1 ≤ i ≤ (n − 1); the nodes x 4 , x 5 , t 1 , . . . , t n−1 are terminals, and, x 4 demands the message b, x 5 demands the message z, t i demands the message y i for 1 ≤ i ≤ (n − 1). The rest of the naming convention has been kept the same as it was in [14] .
process. In the same way as shown in Theorem II.1 of [14] , it can be shown that after the completion of this process, the resulting network has a (1, n) fractional linear network coding solution if and only if the original network has a (1, n) fractional linear network coding solution.
Hence, as shown above, corresponding to each of the networks N 1 and N 2 , there exist multiple-unicast networks N 
V. CONCLUSION
In this paper we have shown that for any non-zero positive rational number k n and any finite/co-finite set of prime numbers there exists a multiple unicast network which has a rate k n fractional linear network coding solution if and only if the characteristic of the finite field belongs to the given set. To show such an existence, we have explicitly presented networks having the desired properties. The generalized Fano and generalized non-Fano networks presented in [15] are special cases of the networks presented in this paper.
